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The Fourier- St ieltjes and Fourier algebras for locally 
compact groupoids 

Alan L. T. Paterson 

Abstract. The Fourier-Stieltjes and Fourier algebras B(G), A(G) for a gen- 
eral locally compact group G, first studied by P. Eymard, have played an 
important role in harmonic analysis and in the study of the operator algebras 
generated by G. Recently, there has been interest in developing versions of 
these algebras for locally compact groupoids, justification for this being that, 
just as in the group case, the algebras should play a useful role in the study 
of groupoid operator algebras. Versions of these algebras for the locally com- 
pact groupoid case appear in three related theories: (1) a measured groupoid 
theory (J. Renault), (2) a Borel theory (A. Ramsay and M. Walter), and (3) a 
continuous theory (A. Paterson). The present paper is expository in character. 
For motivational reasons, it starts with a description of the theory of B(G), 
A(G) in the locally compact group case, before discussing these three theories. 
Some open questions are also raised. 



1. A(G) and B(G) for locally compact groups 

I am grateful to the organizers of the 2001 Conference on Banach spaces at the 
University of Memphis for the opportunity to participate in that exciting conference. 

We first specify some notation. If X is a locally compact Hausdorff space, then 
C(X) is the algebra of bounded, continuous, complex-valued functions on X. The 
space of functions in C(X) that vanish at oo is denoted by Co(X), while C C (X) 
is the space of functions in C(X) with compact support. The space of complex, 
bounded, regular Borel measures on X is denoted by M(X). 

The Banach spaces B(G), A{G) (where G is a locally compact groupoid) that 
we will consider in this paper arise naturally in the group case in non-commutative 
harmonic analysis and duality theory. (See later in this section.) When G is a locally 
compact group, B(G) and A(G) are just the (much studied) Fourier-Stieltjes and 
Fourier algebras. The need to have available versions of these Banach algebras for 
the case of a locally compact groupoid is a consequence of the fact that many of the 
operator algebras of present day interest, especially in non-commutative geometry, 
come from groupoid, and not (in any obvious way) from group representations, so 
that having available versions of B(G), A(G) in the groupoid case would provide 

1991 Mathematics Subject Classification. Primary: 22A22, 22D25, 43A25, 43A35, 46L87; 
Secondary: 20L05, 42A38, 46L08. 



©0000 (copyright holder) 



2 



ALAN L. T. PATERSON 



the resources for extending to that case the properties of group operator algebras 
that depend on B(G), A(G). 

We start by discussing these algebras in the locally compact group case. Let 
us, for the present, specialize even further by letting G be a locally compact abelian 
group with character space G. An element of G is a continuous homomorphism 
t : G — > T, and G is a locally compact abelian group with pointwise product and 
the topology of uniform convergence on compacta. The Fourier transform / — > / 
takes / G L l (G) into G (G), where 

/(*) = / f{xji(x)dx 

where dx is a left Haar measure on G. The inverse Fourier transform jj, p, takes 
M(G) back into G(G) where 

fi(x) = J x(t) d/i(t). 

For example, when G = M, wc have G = M where t 6 G is associated with the 
character x — > e txt . In that case 

/(t) - j f(x)e- ixt dx, jl(x) = /" e ltx d^(t). 

This is just the usual Fourier transform. 

Now M(G) is a convolution Banach algebra, and contains L l {G) as a closed 
ideal. The Fourier- Stieltjes algebra B(G) is defined to be M (G) v while the Fourier 
algebra, A(G), is defined to be L 1 (G) V . These are algebras of continuous bounded 
functions on G under pointwise product, with A(G) C Go(G) an ideal in B(G). 
Then B(G) is a Banach algebra under the M(G) norm, and A(G) = i x (G) is a 
closed ideal in B(G). There is a substantial literature on A(G) in the abelian case - 
see for example |70| . We note some important properties of A(G). Firstly, the set 
of functions of the form f * g, where f,g G G C (G), is dense in A(G). Next, A{G) 
is a dense subalgebra of Go(G) under the sup-norm. Further, ||.|| < ||.|| on A(G). 
Then the Gelfand space (character space) of A(G) — i 1 (G) is G, the elements of 
G acting by point evaluation. Lastly, A{G) has a bounded approximate identity. 

To extend the notions of A(G), B(G) to the non-abelian case, where duality 
theory is more complicated, we need to be able to interpret the norms on these 
algebras without reference to a dual space G. This was done by Eymard f and 
will now be described. It provides an excellent example of quantization, a process 
in which one procedes from the commutative situation to the non-commutative by 
replacing functions by Hilbert space operators. The following four spaces in the 
commutative case will be replaced by their natural "non-commutative" versions: 

A(G) = L 1 {G),B{G) = M(G),C Q (G),L oc (G). 

These versions will involve G only, so that no duality comes in explicitly, and they 
make sense in the non-commutative case. 

For general G, we define the left regular representation 1x2 of G on L 2 (G) by: 
7T2(x)/(£) = /(a; _1 i). There is also the universal representation n un i v of G on a 
Hilbert space H un i V . Every unitary representation of G determines by integration 
a non-degenerate *-representation of G C (G). The norm closure of 7T2(G C (G)) is 
called the reduced G*-algebra C* ed (G) of G, while that of ir un i V (G C (G)) is called 
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the universal C*-algebra of G. The von Neumann algebra generated by C* ed (G) C 
B(L 2 (G)) is denoted by VN(G). 

Suppose now that G is abelian. The key to the desired quantization is Plancherel 's 
theorem: f — ► / is an isometry from L 2 (G) onto L 2 (G). This induces an isomor- 
phism $ from B(L 2 (G)) onto B{L 2 {G)). Regard C (G),L QC (G) as G*-subalgebras 
of B(L 2 (G)) by having them act as multiplication operators on L 2 (G). Then <I> iden- 
tifies G (G) with C* red {G) and L°°(G) with VN(G). The predual A(G) = L X (G) 
of L°°(G) goes over to the predual VN(G)„ of VN{G). For general G, we then 
define A(G) to be ViV(G)*. To define B(G), in the abelian case, it is obvious that 
G (G) = G*(G), and so B(G) = M(G) = G (G)* is just the Banach space dual 
G*(G)*. For general G we define B(G) to be G*(G)*. In the natural way A(G) 
is a subspace of B(G). In fact since C* ed {G) is a homomorphic image of C*(G), it 
follows that A(G) is closed in B(G). 

The space B(G) can be regarded as a subspace of G(G) as follows. Every 
4> € B(G) is coefficient of Tr un i Vl i.e. there exist vectors £,77 € H un i V such that for 
all / e G C (G), we have </>(/) = (nuniv(f)£,v)- We will write (following J. Renault 
( 74 )) = (£,77). The function <f> is called positive definite if we can take £ = 77. 
This property can be abstractly characterized as follows: 

(1.1) J f <P(y- 1 x)f(y)~md\(x) d\{y) > 0. 

for all / e G C (G). 

An important subset of B(G) is the set of positive definite functions on G. 
Every element of -B(G) is (by polarization) a linear combination of positive definite 
functions. In the abelian case, P{G) is identified with the set of positive measures 
in M(G). 

The G*(G)* norm on B(G) can be usefully expressed in terms of co- 

efficients: ||0|| is just inf ||£||||»7||, the inf being taken over all pairs £,77 for which 
<fi = (£, 77). (There is another possible way of defining the norm of B{G) that will be 
considered later in the groupoid context.) Using direct sums and tensor products 
of representations of G, one obtains that B{G) is a commutative Banach algebra. 

Turning to A(G), it can be defined as the closure of the subspace of B(G) 
spanned by the coefficients of TT2- In fact, Eymard shows that A(G) is exactly 
the set of functions (f,g) = g * P where f,g G L 2 (G). (Here, for / S L 2 (G), 
P(x) = f{x- 1 ),f*{x) = fix- 1 ).) An important result of Godement r|23|.(gl 
Theorem 13.8.6]) says that if e L 2 {G)nP(G), then = /*/* for some / e L 2 (G). 
It follows that B(G)nC c {G) is a dense subspace of A(G), and A(G) is a closed ideal 
in B{G). In particular, A{G) is a commutative Banach algebra. Eymard proves 
f |llp his remarkable duality theorem for a general locally compact group, viz. the 
character space of A(G) is identified with G, the elements of G acting as characters 
by point evaluation. Walter f|79)') showed that both A{G) and B(G) as Banach 
algebras determine the group G. The important properties of A(G), given in the 
paragraph above defining B(G) in the abelian case, all hold except that A(G) need 
not have a bounded approximate identity. (We will return to this below in our 
discussion of amenability.) 

Since the work of Eymard, substantial progress has been made in developing 
the theory of B(G), A(G), and before leaving the group situation and turning to 
locally compact groupoids, we will very briefly describe some of the main themes of 
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this progress and cite some of the papers involved. I am grateful to Brian Forrest 
for helpful information about the literature on A(G). The account given below is 
not comprehensive, and the present writer apologizes to all authors whose worthy 
contributions have been omitted. For useful surveys of the field, the reader is 
referred to [67] (for work up to 1984), and |50| . 

A striking feature of the theory is the relation that the amenability of G has 
to properties of A(G). Recall that a locally compact group G is called amenable if 
there exists an invariant mean on L°°(G). There are many other characterizations 
of amenable groups, and the rich phenomenon of amenability is discussed in detail 
in [671 I62| . Leptin ([55]) showed that the Banach algebra A(G) has a bounded 
approximate identity if and only if G is amenable. Further (0 1341 1581 171L 156] ) 
the multiplier algebra of A(G) is canonically isomorphic to B{G) if and only if G 
is amenable. There are also L p — versions of A(G), B{G) due to Herz ([33 ) which 
have been further investigated (e.g. in |67l 1241 125] ). 

Banach algebra amenability of Fourier algebras has proved intriguing. B. E. 
Johnson ( 42 ) showed that the amenability of G does not entail the amenability of 
the Banach algebra A(G). (In fact, he showed that it fails for the compact group 
SU(2, C).) Now A{G) is more than a Banach algebra - it is a completely contrac- 
tive Banach algebra, and a theory of operator amenability can be developed in a 
natural way. Indeed, while amenability for a Banach algebra A means C |41j 1 that 
every bounded derivation from A into a dual Banach A-module is inner, so oper- 
ator amenability for a completely contractive Banach algebra A means that every 
completely bounded derivation from A into the dual of an operator A-bimodulc is 
inner. Remarkably, Ruan f |75| ) showed that G is operator amenable if and only if 
its Fourier algebra A(G) is operator amenable. See the book by Effros and Ruan for 
a comprehensive treatment of this and related theorems ([9] Ch. 16]). The theory 
has been extended to Kac algebras ( J76L 146) ). We note that in the operator space 
context, A{G) is regarded as the "convolution algebra of the dual quantum group" 

(EDI). 

On the Banach-Hochschild cohomology of A{G), the reader is referred to the 
papers |51L 1531 1521 1121 115) . and for information on topological centers, to [Tl I52|. 
(The topological center of a Banach algebra A is the set of weak*-bicontinuous 
elements of A**.) The dual and second dual spaces of A(G) are studied in (251 1271 
EH EH EH EH [13 EH ■ On the ideal structure of Fourier algebras, see [131 [TBI 182] . 
For other studies of A(G). see [TUl 1551 l2l>l I3T>1 1571 1551 1551 liUl Ii51 IHl 151] . 



2. Locally compact groupoids 

Accounts of the theory of locally compact groupoids are given in the books of 
Jean Renault ([72]) and the present writer ( |62|). (See also the CBMS conference 
lectures by Paul Muhly ( |59) ).) We summarize here the basic theory that will be 
needed in our discussion of B(G), A{G) in the groupoid case. (There is also an 
important theory of Lie groupoids - this is discussed in 45J 1571 162j .) 

A groupoid is most simply defined as a small category with inverses. Spelled 
out axiomatically, a groupoid is a set G together with a subset G 2 C G x G, a 
"product map" m : G 2 — > G, where we write m(a, b) = ab, and an inverse map 
i : G — > G, where we write i(a) = a -1 and where (a^ 1 ) -1 = a for all a S G, such 
that: 
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(1) if (a, b), (b, c) G G 2 , then (ab, c), (a, be) G G 2 and 

(afe)c = a(bc); 

(2) (6, G G 2 for all 6 G G, and if (a, 6) belongs to G 2 , then 

a -1 (a6) = 6 (a&)& _1 =a. 

We define the range and source maps r : G — > G°, s : G — > G° by setting 
r(ir) = sea; , s(a;) = x x. The unit space G° is defined to be r(G) (— s(G)), 
or equivalently, the set of idempotents u in G. Each of the maps r, s fibers the 
groupoid G over G° with fibers {G n }, {G u } (where u G G°), so that G u = r -1 ({ti}) 
and G u = s _1 ({it}). Note that (x, y) G G 2 if and only if s(x) = r(y). 

Intuitively, then, a groupoid is a set with a partially defined product and with 
inverses so that the usual group axioms hold whenever they make sense. Groupoids 
give the algebra of local symmetry while groups give that of global symmetry (Sec, 
for example, |80| ). Groupoids are becoming more and more prominent in analysis. 
Conncs's non-commutative geometry (|4j) makes extensive use of them and this 
has been an important motivation for their study. Examples of groupoids are: 

(a) locally compact groups 

(b) equivalence relations 

(c) tangent bundles 

(d) the tangent groupoid (e.g. 

(e) holonomy groupoids for foliations (e.g. [2]) 

(f) Poisson groupoids (e.g. |81p 

(g) transformation groups (e.g. |59| ) 

(h) graph groupoids (e.g. |47L I64| ) 

As a simple, helpful example of a groupoid, consider (b) above. Let R be 
an equivalence relation on a set X. Then R is a groupoid under the following 
operations: (x,y)(y,z) — (x, z), (x, y)^ 1 = (y,x). Here, G° = X (=diagonal of 
XxX) imdr((x,y)) =x,s((x,y)) =y. So R 2 = {((x, y), (y, z)) : (x,y),(y,z) G R}. 
When R — X x X, then R is called a trivial groupoid. 

A special case of a trivial groupoid is R — R n — {1,2, ... ,n} x {1,2,..., n}. 
(So every i is equivalent to every j.) Identify G R n with the matrix unit e^. 
Then the groupoid R n is just matrix multiplication except that we only multiply 
e-ij, £ki when k = j, and (ey) _1 = e^. We do not really lose anything by restricting 
the multiplication, since the pairs , eti excluded from groupoid multiplication 
just give the product in normal algebra anyway. 

For a groupoid G to be a locally compact groupoid means what one would 
expect. The groupoid G is required 1 to be a (second countable) locally compact 
Hausdorff space, and the product and inversion maps are required to be continuous. 
Each G u as well as the unit space G° is closed in G. What replaces left Haar 
measure on G is a system of measures X u (u G G°), where \ u is a positive regular 
Borel measure on G u with dense support. In addition, the A"'s are required to 
vary continuously (when integrated against / G C C (G)) and to form an invariant 
family in the sense that for each x, the map y — > xy is a measure preserving 
homeomorphism from G s ^ onto G'^. Such a system {A"} is called a left Haar 

4n a number of contexts, e.g. that involving the holonomy groupoids for foliations, the 
Hausdorff condition is too strong and locally Hausdorff groupoids need to be considered. For a 
discussion of the theory of such groupoids, the reader is referred to 63, 45 . Only locally compact 
Hausdorff groupoids will be considered in the present paper. 
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system for G. Not all locally compact groupoids possess a left Haar system, and 
even if there exists a left Haar system, it need not be unique. However, most of the 
locally compact groupoids that arise in practice have natural left Haar systems. All 
locally compact groupoids in the present survey are assumed to have a left Haar 
system. The presence of a left Haar system on G has topological implications: it 
implies that the range map r : G — > G° is open. 

For such a G, the vector space C C (G) is a convolution *-algebra, where for 
f,geC c (G): 

f * 9(x) = J f{t)g{t- l x) d\ r ^(t), /» = J{x~ T ). 

We take G*(G) to be the enveloping C*-algebra of G C (G) (representations are re- 
quired to be continuous in the inductive limit topology). Equivalently, it is the 
completion of 7r M „ it , (C C (G)) where Tt U niv is the universal representation of G. For 
example, if G = R n , then C*(G) is easy to guess! - it is just the finite dimensional 
algebra C C (G) = M n , the span of the 's. 

The class of locally compact groupoids which corresponds to discrete groups 
in the group category is that of the r-discrete groupoids. We can think of such 
a groupoid G as one for which the unit space G° is an arbitrary locally compact 
space and the fibers G u are discrete with local sections. The latter condition is 
more precisely expressed as saying that every x £ G has an open neighborhood U 
for which r(U) is open in G and the map r\u is a homeomorphism from U onto 
r(U). (The unit space G° is therefore open in G.) The canonical left Haar system 
for G is that for which each A" is counting measure on G u . Of course, every discrete 
groupoid is r-discrete. Other examples are transformation groupoids for which the 
acting group is discrete, and certain kinds of holonomy groupoids. 

We will require in §4 the notion of a bisection a of a locally compact groupoid 
G. Here a is a pair of homeomorphisms u — > a u 6 G", u — > a u E G u from G° 
onto a subset A of G. So A is simultaneously an r-section and an s-section and 
determines and is determined by the bisection a. The set of bisections of G forms, 
by multiplying and inverting the A's, a group, and is denoted by T. If G is a locally 
compact group, then trivially T = G. 

As in the case of a locally compact group, there is a reduced C*-algebra C* ed (G) 
for G which is defined as follows. For each u e G°, we first define a representation 
tt u of C C (G) on the Hilbert space L 2 (G, X u ). To this end, regard G C (G) as a dense 
subspace of L 2 (G, A u ) and define for / e G C (G),£ S G C (G), 

(2-1) 7r u (/)(0 = /*£eC c (G). 

Then tt u (/) extends to a bounded linear operator on L 2 (G,\ U ). The reduced 
G*-algebra-norm on G C (G) is then (e.g. [SSI p. 108]) defined by: 

ll/IU= sup IM/)II 

and C* ed (G) is defined to be the completion of G C (G) under this norm. 

We next recall some details concerning the disintegration of representations of 
G C (G). The theorem is due to J. Renault f |73|). A detailed account of the theorem 
is given in the book of Paul Muhly ( 5Q]). Let $ be a representation of G C (G) 
on a Hilbert space H which is continuous in the inductive limit topology. Then $ 
disintegrates as follows. 
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There is a probability measure /i on G° which is quasi-invariant (in the sense 
defined below). Associated with fi is a positive regular Borel measure v on G 
defined by: v — J A" dfj,(u). The measure v~ x is the image under v by inver- 
sion: precisely, v~ 1 (E) = v(E^ 1 ). There is also a measure v 2 on G 2 given by: 
v 2 = JJ Xu X \ u d[i(u). The quasi-invariance of [i just means that v is equiva- 
lent to v~ . The modular function D is defined as the Radon-Nikodym derivative 
dv/dv -1 . The function D can be taken to be Borel ( |32l 1681 159p. and satisfies 
the properties: D(x^ 1 ) — D(x)^ 1 ^-almost everywhere, and D(xy) — D(x)D(y) 
i/ 2 -almost everywhere. Let v$ be the measure on G given by: dv$ = D~ x l 2 dv. 

Next, there exists (e.g. [631 p. 91]) a measurable Hilbert bundle (G°,&, /i) 
= {& u }u£G'>) an( i a G -representation L on This means that each L(x) 
(x G G) is a linear isometry from & s ( x ' onto .ft r ( x ) and L(x) is the identity map 
if x G G . Further, the map x — > L(x) is multiplicative z/ 2 -almost everywhere 
and inverse preserving z/-almost everywhere. Lastly, for every pair £, rj of square 
integrable sections of it is required that the function x — > (L(x)£ (s(x)), ri(r(x))) 
be i/-measurable. The representation $ of C C (G) is then given by: 

(2.2) (Hm,ri) = J f(x){L(x)£( 8 {x))Mr{*))) 

We will refer to the triple (/i, A, L) as a measurable G-Hilbert bundle. The notion of 
a continuous G-Hilbert bundle, that will be needed in §5, is defined in the obvious 
way. 

Significant progress has been made in recent years in developing theories of 
the Fourier-Stieltjes and Fourier algebras for locally compact groupoids, and these 
theories will be described in the rest of the paper. The main papers involved are 
|74L 1691 165] . and these will be considered in turn. As we will see, the theories 
relate to one another. 

3. The Fourier-Stieltjes and Fourier algebras for a measured groupoid 

This section discusses the paper |74| of Jean Renault that deals with the Fourier 
algebra of a measured groupoid. We can take the latter to mean ( 68 ) that G is 
a locally compact groupoid with left Haar system {A 11 } and fixed quasi- invariant 
measure fi with modular function D. The theory is a far reaching extension of the 
discussion of these algebras in §1 for locally compact groups, and as in the group 
case, has an operator algebraic character. (In the group case, G = G e where e is 
the identity of G, A 6 is a left Haar measure and \x is the point mass at e.) 

As we saw in §1, the Fourier-Stieltjes algebra B(G) of a locally compact group 
is the space of coefficients (£, rj) of Hilbert space representations of G. In the 
groupoid case, the Fourier-Stieltjes algebra B^(G) is defined to be the space of 
coefficients (f> = {£,,!]) where ^,rj are L°°-sections for some measurable G-Hilbert 
bundle (^, A, L). So for x G G, 

Clearly, belongs to L°°(G) = L°°(G,v). 

As in the group case, the set -P M (G) of positive definite functions in L°°(G) 
plays an important role. A function <fi G L°°(G) is called positive definite if and 
only if for all u G G°, 

J f cb(y- 1 x)f(y)W)d\ u (x)d\ u (y) > 0. 
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An argument of Ramsay and Walter ( j69j ) gives that <j> is positive definite if and 
only if cf> is of the form (£,£) for some £. By polarization, B^(G) is the span of 

Also, as in the group case, the norm \\(f>\\ of (f> S B^G) is defined to be inf ||£ || \\r]\\ 
over all representations 4> = (£,?7). Using a groupoid version of Paulsen's "off- 
diagonalization technique" (66, Th. 7.3], Th. 5.3.2]), Renault shows that 
B^(G) is a commutative Banach algebra. 

The Fourier algebra A^{G) is defined to be the closed linear span in B^{G) 
of the coefficients of the regular representation of G on the G-Hilbert bundle 
{L 2 (G u )} u£ qo, the G-action being given by left translation. (We will meet the 
continuous version of this Hilbcrt bundle again in §5.) Renault shows that A I1 (G) 
is a closed ideal in B^ (G). The Hilbertian functions of Grothendieck f |31| ) give an 
example of a -B M (G) (with G a trivial groupoid). 

Renault then goes on to examine duality theory using operator algebra and 
operator space techniques. Corresponding to the universal G*-algebra G*(G) in 
the group case is the universal G*(G) in the measured groupoid case. The latter is 
the completion of G C (G) under the largest G*-norm coming from some measurable 
G-Hilbert bundle (/i, L). The reduced G*-algebra C* ed (G) and the von Neumann 
algebra VN(G) (both depending on fi) are defined using the regular representation 
in the natural way. 

In the group case, we saw that B(G) = G*(G). In the measured groupoid case, 
the situation is more subtle. Some operator space notions are required. Recall 
that any Hilbert space H can be regarded as a operator space by identifying it in 
the obvious way with a subspace of *B(C,-ff): each £ e H is identified with the 
map a — > a£ (a G C). Further, trivially, H* is an operator space as a subspace 
of Q3(i/, C). In the measured groupoid situation, Renault shows that the operator 
spaces L 2 (G°) and G*(G) are completely contractive left L°°(G°) modules, and 
L 2 (G )* is a completely contractive right L°°(G ) module. If E is a right and 
F is a left ^4-operator module (A a G*-algebra) then the Haagerup tensor norm is 
determined on the algebraic tensor product EQaF by setting ||u|| = J2?=i 1 1 e « 1 1 II /ill 
over all representations u = JD i=1 z% ®A fi- The completion ([21 Ch. 2]) E ®a F of 
E Qa F is called the module Haagerup tensor product of E and F over A. 

One then forms the module Haagerup tensor product X(G) — L 2 (G )* <£> 
G*(G) ® L 2 (G°) over ^(G ). Renault proves that X(G)* = B^G). Under 
this identification, each <p = (£, rj) goes over to the linear functional a* <£> / <g> 6 — » 
JcLor(<f>f)bc S dv (f eC c (G)). 

Renault also gives a characterization of A^(G) which is the groupoid version of 
the group result (§1) that A(G) = VN(G)*. In fact the predual VN{G)* of VN{G) 
is completely isometric to the module Haagerup tensor product L 2 (G )* (g> j4 m (G) <8> 
L 2 (G°) over L°°(G°). He also shows that the analogue of the group multiplier 
result, described in §1, holds, viz. if the measure groupoid G is amenable (which 
can be defined as saying that the trivial representation is weakly contained in the 
regular representation) then B^(G) is the multiplier algebra of A^(G). He then uses 
these results on A(G), B(G) to investigate absolute Fourier multipliers for r-discrete 
groupoids, generalizing results of Pisier and Varopoulos. 

Leptin's result (§1) relating the amenability of a locally compact group to 
the existence of a bounded approximate identity in the Fourier algebra has been 
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generalized to the measured groupoid context by Jean-Michel Vallin ( \77l \78\ ) 
using Hopf-von Neumann bimodule structures. 



4. The Borel Fourier-Stieltjes algebra 

In this section we describe some of the results of the paper 69 by Ramsay and 
Walter. The setting for the paper is that of a locally compact groupoid G. The 
groupoid is not considered to be a measured groupoid, so that a quasi-invariant 
measure fi on G° is not specified in advance. We will also consider briefly a paper 
by K. Oty at the end of the section. 

Since in the group case, B(G) is the span of the set P{G) of continuous positive 
definite functions, it would be natural to use this as the definition of B(G) in the 
groupoid case. We will in fact effectively use this definition of B(G) in §5. However, 
there are examples f |69l §7]) in which the span of the continuous positive definite 
functions on G is not complete in the norm (defined below) on B(G). Instead, 
Ramsay and Walter consider the span B{G) of the set V(G) of bounded Borel 
positive definite functions on G. There are examples of continuous functions in 
B(G) which cannot be expressed as linear combination of elements of P(G). In 
B(G), we identify two functions that are A M -equal for every quasi-invariant measure 
fi on G°. 

The norm on B{G) is defined in terms of a remarkable completely bounded 
multiplier norm on the C*-algebra M*(G). (This norm does not seem to have been 
considered in theory of the Fourier-Stieltjes algebra in the group case.) In more 
detail, the universal representation Tr un iv extends canonically to a representation of 
the convolution algebra B C (G) of compactly supported, bounded Borel functions on 
G. Let M*(G) be the completion of n univ (B c (G)). Then M*{G) is a G*-algebra. 
Each cf> 6 B(G) acts as a multiplier T<p on M*(G) by extending its action from 
Kv,niv{B c {G)) by continuity. Here, for / G B C (G), r^7r„„^(/) = 7T univ (<j>f) {<j>f 
pointwisc multiplication on G). Ramsay and Walter show that is a completely 
bounded operator on M*{G). They define \\4>\\ cb = ||T|| cb , and show that B(G) is 
a Banach algebra under ||.|| ,. (Below, we will identify the version of ||.|| , for a 
locally compact abelian group in the continuous context.) 

Ramsay and Walter give a partial analogue of the locally compact groupoid 
result (§1) that B(G) — G*(G)*. Let X be the one point compactification of G°. 
They construct two C*-algebras C* (G, X), M*(R, X) which are G(X)-submodules. 
Here R is the orbit equivalence relation on G°: so u ~ v if and only if there exists 
x G G such that r(x) = u, s{x) = v. They show using a technical argument that 
each cj) G B(G) gives a completely bounded G(Jf )-bimodule map : C*(G,X) — » 
M*(R, X). (When G is a group, then 5^ is just the canonical linear functional 
<j) : C*(G) — > C.) It would be interesting to know how this result relates to the 
corresponding duality result involving X(G) for measured groupoids in §3. 

Karla Oty ( 61 ) investigates the space 23(G) n G(G) and the set P(G) C V{G) 
of continuous positive definite functions. She shows among other results that P{G) 
separates the points of G, and that if G is r-discrete then we do not have to work 
with equivalence classes in B(G). Further, if the set of cardinalities of the G"'s 
(u G G°) is bounded by a positive integer, then B{G) n G(G) = G(G). 
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5. The continuous Fourier-Stieltjes and Fourier algebras 

In this section, we consider some of the results in the paper |65| by the present 
writer. In contrast to the measurable theory of Renault, considered in §2, and the 
Borel theory of Ramsay and Walter, considered in §3, the theory of this section is 
a continuous one. For motivation, in §3, in the context of a measured groupoid, 
A^iG) was defined as the closed linear span in B^(G) of the coefficients of the 
regular G-Hilbert bundle {L 2 (G U )}. Now this is a continuous Hilbert bundle, the 
continuous sections being determined in the obvious way by G C (G). So it is natural 
to consider the coefficients of continuous G-Hilbert bundles as our space B(G). The 
elements of B(G) are then all continuous as in the group case. As we will see, the 
ideas and techniques from |74L I69j play a fundamental role in the theory. We will 
have occasion to consider Hilbert modules, and so in accordance with the usual 
practice (e.g. 48 ), for the rest of the paper, Hilbert spaces and modules will be 
taken to be conjugate linear in the first variable. 

We now define the Fourier-Stieltjes algebra B(G) in more detail. Given a 
continuous G-Hilbert bundle Sj, we consider the Banach space Aj, of continuous, 
bounded sections of fj. For £, rj E A^, define (as in §3) the coefficient (£, 77) £ G(G) 
by: (£, r))(u) = (L x £ i (s(x)), T](r(x))) where x — + L x is the G-action on $). Then B(G) 
is defined to be the set of all such coefficients, coming from all possible continuous 
G-Hilbert bundles. As in \74\ . B{G) is an algebra over C and the norm of G B(G) 
is defined to be inf the inf being taken over all representations <fi = (Ci 7 ?)- 

Then B(G) C G(G), and H-H^ < ||.||. An argument similar to that of [Q] shows 
that B(G) is a commutative Banach algebra. 

From an argument of [55) . P(G) C B(G). Clearly, using the polarization for 
sections of continuous Hilbert bundles, every (f> 6 B(G) is a linear combination of 
continuous positive definite elements of B(G) and conversely. From the discussion 
in §4, we see that B{G) (~l G(G) ^ B(G) in general. Intuitively, £>(G) captures 
the representation theory of G but we need to consider Borel functions. On the 
other hand, B(G) may not capture all of the representation theory of G (though 
it does capture at least the regular representation) but has the advantage that the 
functions involved, are, as in the group case, continuous. (Our B(G) is the same 
as Oty's Bi(G) ([E]).) 

We defined the norm on B(G) using Hilbert bundles in a way similar to that in 
which Renault defined the norm on _B M (G), and it is natural to enquire if the method 
of Ramsay and Walter for norming B(G) can also be applied in the present context. 
This is in fact the case. The difference is that we regard cf> € B(G) as a multiplier 
on G C (G), this action extending to a completely bounded map on G*(G) instead 
of on M*(G). We can then define a norm ||.|| cb on B{G) by taking \\(/)\\ cb = ||T || cb . 
Following along the same lines as the corresponding argument in ,69] , one can show 
that B(G) is a Banach algebra under |.|| ,. Since it is not difficult to show that 
\\-\\cb ^ ll-IL ^ follows by Banach's isomorphism theorem that the two norms are 
equivalent on B(G). It is an open question if the two norms actually coincide in 
general. It is shown, using a result of Paulsen on Schur multipliers ( 66 ) that they 
do coincide when G = R ni the trivial groupoid on n elements (§2). 

Let us sketch here how one can show that the two norms are the same when 
G is a locally compact abelian group. As in §1, we can regard (f> as a measure 
/i G M(G). Recalling that G*(G) = Gq(G), the map goes over to the map 
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So \\T4 = ||m|| = H\\. Since C*{G) is abelian, U\\ cb = ||T || (|66| Th. 3.8]). 

For the rest of the discussion, we can use either norm on B(G). We have chosen 
to use ||.|| since in the setting of A(G) (below), the continuous G-Hilbert bundle 
L 2 (G) = {L 2 (G U )} is conveniently present for norm estimates. 

Let E 2 be the space of continuous sections of L 2 (G) that vanish at oo. Let D = 
Cq(G°). Then E 2 is a Hilbert f-module, with inner product given by: (£,?/)(«) = 
(£(u),r)(u)) and left module action by: (£a)(u) = a(u)£(u) (a £ D,£ £ E 2 ). (A 
good source of information about Hilbert A-modules is the book |48) by Lance.) 

It is easy to check that if £, r\ £ E 2 , then (£, rj) — r] * f*. For F £ C C (G), define 
R F : C C {G) -> C C (G) by right convolution: R F f = f * F. Then the map F -> R F 
is a *-antirepresentation from C C (G) into Z{E 2 ), and the closure of its image in 
£(E 2 ) is canonically isomorphic to C* ed {G). As in the group case, we can define 
VN(G) to be the commutant of C; ed (G) in <8(E 2 ). It is to be stressed that VN(G) 
is not a von Neumann algebra in general - this is not even the case for G = R n . 
However, VN(G) is always a Banach algebra, and is strongly closed in Q5(£' 2 ). 

As in the group case, the algebra VN(G) plays a useful role in the theory. 
In particular, if G is r-discrete then the fact that C* ed (G) C £(E 2 ) can be used 
to show that the natural version of Godement's theorem (§1) holds: i.e. that if 
<j> £ C C {G) n P(G), then <£ = /*/* = (/, /) for some f EE 2 . (The discrete group 
version of this is given in Lemma VII. 2. 7].) It follows that A{G) is an ideal 
in B{G). I do not know if these results are true for locally compact groupoids in 
general. 

For f,g £ C C (G), the coefficient (/, g) = g*f* itself belongs to C C (G). We define 
the Fourier algebra A(G) to be the closure in B{G) of the subalgebra generated by 
the set of such elements g * f* ■ (Another possible definition of A(G) is given by 
Oty f |61|L') Of course, A(G) is a commutative Banach algebra. Further, as in the 
group case, A(G) C Cq{G). In the group case, VN(G) is the dual of A(G). Using 
the G-Hilbert module E 2 , there is a version of this for the groupoid case, though 
it is more involved. For the technicalities, see |65j . 

The last part of |65| proves a duality theorem for A(G) generalizing that of 
Eymard's in the group case. For the latter, recall (§1) that the character space 
of A(G) is just G, the elements of G being characters under point evaluation. I 
do not know if this is still true in the groupoid case. The duality theorem of 
|65j is formulated in terms of bisections and certain multiplicative module maps 
from A(G) into Go(G°). In one direction, the group T of bisections of G (§2) 
determines a pair of multiplicative maps on A(G) as follows. If a £ T, then we define 



a a : A(G) D, [3 a : A(G) -> D by setting: a a {4>){u) = 0(a«), P a (<j>) = 0(a u ). 



The pair (a a ,(3 a ) satisfy a number of interesting properties. For example, a a is a 
D-module homomorphism for G, while [3 a is the same for G(r), the groupoid G 
with multiplication reversed. Crucial is the fact that if J is the homeomorphism 
u — > v of G°, where a u = a v , then for all cj) £ A(G), we have (3 a {4>) ° J = a a {(f)). 



T M : Go(G) -» G (G) where 



(5.1) 
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We then consider the set &a(G) of pairs of maps (a, 0) satisfying these prop- 
erties abstractly. We give T the topology of pointwise convergence on G , re- 
garding each a £ T as the (single) map u — > (a u ,a u ) € G 2 . Next, regarding each 
(a, 0) e $a(g) as the single map (0, u) — > (a(^)(u),/3(0)(u) e C 2 on A(G) x G°, we 
also give $a(G) the topology of pointwise convergence. The duality theorem of 65 
then is that for a large class of locally compact groupoids G, the map a — > (a a , /3 a ) 
is a homeomorphism from T onto &a(g)- I n the group case, each bisection a is 
just a group element x and the maps a a ,/3 a coincide on A(G), being just point 
evaluation at x. Further, $>a(g) 1S j us t the space of characters of A(G), and the 
above duality theorem reduces to Eymard's duality theorem (§1). 

A list of open questions in the continuous theory is given in [65] . This includes 
the natural questions as to whether |.| = ||.|| c6 on B(G) and whether the character 
space of A(G) is identifiable with G. 

References 

[1] J. Baker, A. T. Lau and J. Pym, Module homomorphisms and topological centers associated 
with weakly sequentially complete Banach algebras, J. Functional Anal. 158(1998), 186-208. 

[2] D. P. Blecher, P. S. Muhly and V. I. Paulsen, Categories of operator modules - Morita 
equivalence and projective modules, Mem. Amer. Math. Soc., Vol. 143, No. 681, 2000. 

[3] A. Connes, Sur la theorie non commutative de V integration, Lecture Notes in Mathematics, 
725(1979), 19-143. 

[4] A. Connes, Noncommutative Geometry, Academic Press, Inc., New York, 1994. 

[5] C-H. Chu and A. T. Lau, Algebraic structures of harmonic functions on groups and Fourier 

algebras, monograph, to appear, 2001. 
[6] M. G. Cowling, An application of Littlewood-Paley theory in harmonic analysis, Math. Ann. 

241(1979), 83-96. 

[7] K. Davidson, C* -algebras by Example, Fields Institute Monographs, American Mathemati- 
cal Society, Providence, R.I., 1996. 

[8] J. Dixmier, C* -algebras, North-Holland Publishing Company, Amsterdam, 1977. 

[9] E. G. Efros and Z-J. Ruan, Operator Spaces, London Mathematical Society Monographs 
New Series, Vol. 23, Clarendon Press, Oxford, 2000. 
[10] E. G. Effros and Z-J. Ruan, Operator space tensor products and Hopf convolution algebras, 
preprint, 2001. 

[11] P. Eymard, L'algebre de Fourier d'un groupe localement compact, Bull. Soc. Math. France 
192(1964), 181-236. 

[12] B. E. Forrest, Amenability and derivations of the Fourier algebra, Proc. Amer. Math. Soc. 
104(1988), 437-442. 

[13] B. E. Forrest, Amenability and bounded approximate identities in ideals of A(G), Illinois J. 
Math. 34(1990), 1-25. 

[14] B. E. Forrest, Arens regularity and discrete groups, Pacific J. Math. 151(1991), 217-227. 
[15] B. E. Forrest, Some Banach algebras without discontinuous derivations, Proc. Amer. Math. 

Soc. 114(1992), 965-970. 
[16] B. E. Forrest, Complemented ideals in the Fourier algebra and the Radon Nikodym property, 

Trans. Amer. Math. Soc. 333(1992), 689-700. 
[17] B. E. Forrest, Amenability and ideals in A(G), J. Austral. Math. Soc. 53(1992), 143-155. 
[18] B. E. Forrest, Arens regularity and the A P (G) algebras, Proc. Amer. Math. Soc. 119(1993), 

595-598. 

[19] B. E. Forrest and M. Skantharajah, A note on a type of approximate identity in the Fourier 

algebra, Proc. Amer. Math. Soc. 120(1994), 651-652. 
[20] B. E. Forrest, Amenability and the structure of the algebras A P (G), Trans. Amer. Math. 

Soc. 343(1994), 233-243. 
[21] B. E. Forrest, Weak amenability and the second dual of the Fourier algebra, Proc. Amer. 

Math. Soc. 125(1997), 2373-2378. 
[22] B. E. Forrest, Fourier analysis on coset spaces, Rocky Mountain J. Math. 28(1998), 173-190. 



THE FOURIER-STIELTJES AND FOURIER ALGEBRAS FOR LOCALLY COMPACT GROUPOIDS 

[23] R. Godement, Les fonctions de type positif et la theorie des groupes, Trans. Amer. Math. 
Soc. 63(1948), 1-84. 

[24] E. E. Granirer, On some properties of the Banach algebras A V (G) for locally compact groups, 

Proc. Amer. Math. Soc. 95(1985), 375-381. 
[25] E. E. Granirer, On some spaces of linear Junctionals on the algebras A p (G) for locally 

compact groups, Colloq. Math. 52(1987), 119-132. 
[26] E. E. Granirer, A survey on some functional analytic properties of the Fourier algebra A(G) 

of a locally compact group, Southeast Asian Bull. Math. 20(1996), 1-12. 
[27] E. E. Granirer, Day points for quotients of the Fourier algebra A{G), extreme non-ergodicity 

of their duals and extreme non-Arens regularity, Illinois J. Math. 40(1996), 402-419. 
[28] E. E. Granirer, When quotients of the Fourier algebra A(G) are ideals in their bidual and 

when A(G) has WCHP, Math. Japon. 46(1997), 69-72. 
[29] E. E. Granirer, Amenability and semisimplicity for second duals of quotients of the Fourier 

algebra A(G), J. Austral. Math. Soc. 63(1997), 289-296. 
[30] E. E. Granirer, The Schur property and the WRNP for submodules of the dual of the Fourier 

algebra A(G), C. R. Math. Rep. Acad. Sci. Canada 19(1997), 15-20. 
[31] A. Grothcndicck, Resume de la theorie metrique des produits tensoriels topologiques, Boll. 

Soc. Mat. Sao-Paulo 8(1956), 1-79. 
[32] P. Hahn, Haar measure for measure groupoids, Trans. Amer. Math. Soc. 242(1978), 1-33. 
[33] C. Herz, The theory of p- spaces with an application to convolution operators, Trans. Amer. 

Math. Soc. 154(1971), 69-82. 
[34] C. Herz, Une generalization de la notion de transformee de Fourier- Stieltjes, Ann. Inst. 

Fourier (Grenoble) 23(1974), 145-157. 
[35] E. Hewitt and K. A. Ross, Abstract Harmonic Analysis I, Springer- Verlag, New York, 1970. 
[36] Z. Hu, On the Set of Topologically Invariant Means on the Von Neumann Algebra VN( G), 

Illinois J. Math. 39(1995), 463-490. 
[37] Z. Hu, Extreme Non Arens Regularity of Quotients of the Fourier Algebra A(G), Colloq. 

Math. 72(1997), 237-249. 
[38] Z. Hu, The Von Neumann Algebra VN(G) of a Locally Compact Group and Quotients of 

Its Subspaces, Canad. J. Math. 49(1997), 1117-1139. 
[39] Z. Hu, Spectrum of Commutative Banach Algebras and Isomorphism of C*-algebras Related 

to Locally Compact Groups, Studia Math. 129(1998), 207-223. 
[40] Z. Hu, Open Subgroups of G and Almost Periodic Functionals on A(G), Proc. Amer. Math. 

Soc. 128(2000), 2473-2478. 
[41] B. E. Johnson, Cohomology in Banach algebras, Mem. Amer. Math. Soc. 127(1972). 
[42] B. E. Johnson, Non- amenability of the Fourier algebra of a compact group, J. London Math. 

Soc. 50(1994), 361-374. 

[43] E. Kaniuth and A. T. Lau, A separation property of positive definite functions on locally 
compact groups and applications to Fourier algebras, J. Functional Anal. 175(2000), 89-110. 

[44] E. Kaniuth and A. T. Lau, Spectral synthesis for A(G) and subspaces of VN(G), Proc. 
Amer. Math. Soc. 129(2001), 3253-3263. 

[45] M. Khoshkam and G. Skandalis, Regular Representation of Groupoid C* -algebras and Ap- 
plications to Inverse Semigroups, preprint, 2001. 

[46] J. Kraus and Z-J. Ruan, Approximation properties for Kac algebras, Indiana Univ. Math. 
J. 48(1999), 469-535. 

[47] A. Kumjian, D. Pask, I. Raeburn and J. Renault, Graphs, groupoids and Cuntz-Krieger 
algebras, J. Funct. Anal. 144(1997), 505-541. 

[48] E. C. Lance, Hilbert C* -modules, London Mathematical Society Lecture Note Series 210, 
Cambridge University Press, 1995. 

[49] N. P. Landsman, Mathematical topics between classical and quantum mechanics, Springer 
Monographs in Mathematics, Springer- Verlag, NY, 1998. 

[50] A. T. Lau, Fourier and Fourier- Stieltjes algebras of a locally compact group and amenabil- 
ity, pp. 79-92 of: Topological vector spaces and related areas, Hamilton, Ontario, Pitman 
Research Notes in Mathematics Series 316, Longman Scientific and Technical, Harlow, 1994. 

[51] A. T. Lau and V. Losert, Ergodic sequences in the Fourier- Stieltjes algebra and measure 
algebra of a locally compact group, Trans. Amer. Math. Soc. 351(1999), 417-428. 

[52] A. T. Lau and R. J. Loy, Weak amenability of Banach algebras on locally compact groups, 
J. Functional Anal. 145(1997), 175-204. 



14 ALAN L. T. PATERSON 

[53] A. T. Lau, R. J. Loy and G. A. Willis, Amenability of Banach and C* -algebras on locally 

compact groups, Studia Math. 119(1996), 161-178. 
[54] A. T. Lau, Some geometric properties on the Fourier and Fourier- Stieltjes algebras of locally 

compact groups, Arens regularity and related problems, Trans. Amer. Math. Soc. 337(1993), 

321-359. 

[55] Sur I'algebre de Fourier d'un groupe localement compact, C. R. Acad. Sci. Paris Ser. A-B 
266(1968), 489-494. 

[56] V. Losert, Properties of the Fourier algebra that are equivalent to amenability, Proc. Amcr. 

Math. Soc. 92(1984), 347-354. 
[57] K. C. H. Mackenzie, Lie groupoids and Lie algebroids in Differential Geometry, London 

Mathematical Society Lecture Note Series, vol. 124, Cambridge University Press, Cambridge, 

1987. 

[58] K. McKennon, Multipliers, positive Junctionals, positive definite functions and Fourier- 

Stieltjes transforms, Mem. Amer. Math. Soc. 111(1971). 
[59] P. S. Muhly, Coordinates in Operator Algebra, to appear, CBMS Regional Conference Series 

in Mathematics, American Mathematical Society, Providence, 180pp.. 
[60] P. S. Muhly, J. N. Renault and D. P. Williams, Equivalence and isomorphism for groupoid 

C* -algebras, J. Operator Theory 17(1987), 3-22. 
[61] K. Oty, Fourier- Stieltjes algebras of r-discrete groupoids, J. Operator Theory 41(1999), 

175-197. 

[62] A. L. T. Paterson, Amenability, Mathematical Surveys and Monographs, No. 29, American 

Mathematical Society, Providence, R. I., 1988. 
[63] A. L. T. Paterson, Groupoids, inverse semigroups and their operator algebras, Progress in 

Mathematics, Vol. 170, Birkhauser, Boston, 1999. 
[64] A. L. T. Paterson, Graph inverse semigroups, groupoids and their C* -algebras, to appear, 

J. Operator Theory. 

[65] A. L. T. Paterson, The Fourier algebra for locally compact groupoids, preprint, 2001. 

[66] V. I. Paulsen, Completely bounded maps and dilations, Pitman Research Notes in Mathe- 
matics Ser. 146, Longman and John Wiley and Sons, Inc., New York, 1986. 

[67] J. -P. Pier, Amenable locally compact groups, Wiley, New York, 1984. 

[68] A. Ramsay, Topologies for measured groupoids, J. Functional Anal. 47(1982), 314-343. 

[69] A. Ramsay and M. E. Walter, Fourier- Stieltjes algebras of locally compact groupoids, J. 
Functional Anal. 148(1997), 314-367. 

[70] H. Reiter, Classical Harmonic Analysis and Locally Compact Groups, Oxford Mathematical 
Monographs, Oxford University Press, Oxford, 1968. 

[71] P. F. Renaud, Centralizers of the Fourier algebra of an amenable group, Proc. Amcr. Math. 
Soc. 32(1972), 539-542. 

[72] J. N. Renault, A groupoid approach to C* -algebras, Lecture Notes in Mathematics, Vol. 793, 
Springer- Verlag, New York, 1980. 

[73] J. N. Renault, Representation de produits croises d'algebres de groupoi'des, J. Operator 
Theory, 18(1987), 67-97. 

[74] J. N. Renault, The Fourier algebra of a measured groupoid and its multipliers, J. Functional 
Anal. 145(1997), 455-490. 

[75] Z-J. Ruan, The operator amenability of A(G), Amer. J. Math. 117(1995), 1449-1474. 

[76] Z-J. Ruan and G. Xu, Splitting properties of operator bimodules and operator amenabil- 
ity of Kac algebras, pp. 193-216 in: Operator theory, operator algebras and related topics, 
(Timisioara, 1996), Theta Foundation, Bucharest, 1997. 

[77] J. Vallin, Bimodules de Hopf et poids operatoriels de Haar, J. Operator Theory 35(1996), 
39-65. 

[78] J. Vallin, Unitaire pseudo-multiplicatif associe a un groupoide applications a la 
moyennabilite, preprint. 

[79] M. Walter, W* -algebras and nonabelian harmonic analysis, J. Functional Anal. 11(1972), 
17-38. 

[80] A. Weinstcin, Groupoids: unifying internal and external symmetry. A tour through some 

examples., Notices Amer. Math. Soc. 43(1996), 744-752. 
[81] A. Weinstcin, Poisson Geometry, Diff. Gcom. Appl., 9(1998), 213-238. 

[82] P. J. Woods, Complemented ideals in the Fourier algebra of a locally compact group, Proc. 
Amcr. Math. Soc. 128(2000), 445-451. 



THE FOURIER-STIELTJES AND FOURIER. ALGEBRAS FOR LOCALLY COMPACT GROUPOIDS 



Department of Mathematics, University of Mississippi, University, Mississippi 38677 
E-mail address: nimapOolemiss.edu 



